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Abstract 3
Abstract
This book contains a thorough theoretical consideration of the process of
proton channeling through carbon nanotubes. We begin with a very brief
summary of the theoretical and experimental results of studying ion chan-
neling through nanotubes. Then, the process of ion channeling is described
briefly. After that, the crystal rainbow effect is introduced. We describe how
it was discovered, and present the theory of crystal rainbows, as the proper
theory of ion channeling in crystals and nanotubes. We continue with a de-
scription of the effect of zero-degree focusing of protons channeled through
nanotubes. It is shown that the evolution of the angular distribution of chan-
neled protons with the nanotube length can be divided in the cycles defined
by the rainbow effect. Further, we analyze the angular distributions and
rainbows in proton channeling through nanotubes. This is done using the
theory of crystal rainbows. The angular distributions are generated by the
computer simulation method, and the corresponding rainbow patterns are
obtained in a precise analysis of the mapping of the impact parameter plane
to the transmission angle plane. We demonstrate that the rainbows enable
the full explanation of the angular distributions. The analysis demonstrates
that the angular distributions contain the information on the transverse lat-
tice structure of the bundle. In this study we investigate the rainbows in
transmission of protons of the kinetic energy of 1 GeV through a straight
very short bundle of (10, 10) single-wall carbon nanotube, a bent short bun-
dle of (10, 10) nanotubes, and the straight long (11, 9) nanotubes.
We also investigate how the effect of dynamic polarization of the carbon
atoms valence electrons influences the angular and spatial distributions of
protons transmitted through short nanotubes in vacuum and embedded in
dielectric media. It is demonstrated that this effect can induce the additional
rainbow maxima in the angular distributions. We have established that the
changing of the spatial distribution with the proton kinetic energy, based
on the changing of the dynamic polarization effect, may be used to probe
the atoms or molecules intercalated in the nanotubes. In these study we
investigate the rainbows in transmission of 0.223-2.49 MeV protons through
the short (11, 9) nanotubes in vacuum and embedded in SiO2, Al2O3 and
Ni. Besides, we report on the donut effect in transmission of 0.223 MeV
protons through a short (11, 9) nanotube, which occurs when the initial ion
velocity vector is not parallel to the nantoube axis. In addition, we explore
the channeling star effect in 1 GeV proton channeling through bundles of
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nanotubes, which appears when the proton beam divergence angle is larger
than the critical angle for channeling.
1 Introduction
Carbon nanotubes were discovered by Iijima in 1991 (Iijima, 1991). One can
describe them as the sheets of carbon atoms rolled up into the cylinders with
the atoms lying at the hexagonal crystal lattice sites. The diameters of nan-
otubes are of the order of a nanometer and their lengths can be more then a
hundred micrometers. Nanotubes can be the single-wall and multi-wall ones,
depending on the number of cylinders they include. They have remarkable
geometrical and physical properties (Saito et al., 2001). As a result, nan-
otubes have begun to play an important role in the field of nanotechnologies.
For example, they are expected to become the basic elements for creating
nanoelectronic devices (Yao et al., 1999).
The structure of a carbon nanotube is described by vector ~Ch = m~a1 +
n~a2 ≡ (m,n), where ~a1 and ~a2 are the unit vectors of the hexagonal crystal
lattice, and the integers satisfying inequalities 0 ≤ |n| ≤ m (Saito et al.,
2001). This vector is called the chiral vector of the nanotube. Its magnitude
is Ch = (m
2 +mn + n2)
1
2ah, where ah is the magnitude of ~a1 and ~a2. The
angle of ~Ch relative to ~a1, which is called the chiral angle of the nanotube, is
given by expression cosΘh = (m + n/2)/(m
2 +mn + n2)
1
2 and inequalities
0 ≤ |Θh| ≤ π/6. This is shown in Fig. 1. The sheet of carbon atoms is rolled
up into the cylinder in such a way to transform the segment corresponding to
~Ch into a circle. Hence, the nanotube diameter equals ~Ch/π. The nanotube
is achiral or chiral. If it is achiral, the nanotube consists of the atomic strings
parallel to its axis. In particular, if n = 0, when Θh = 0, or m = n, when Θh
= π/6, the nanotube is achiral. In accordance with the shape of its transverse
cross-section, in the former case the nanotube is called the zigzag one, and
in the latter case the armchair one. If it is chiral, the nanotube consists of
the atomic strings that spiral around its axis. This is illustrated in Fig. 2,
which is taken from Ref. Saito et al. (2001).
Soon after the discovery of carbon nanotubes, Klimov and Letokhov
(Klimov & Letokhov, 1996) predicted that they could be used to channel
positively charged particles. After that, a number of theoretical groups have
studied ion channeling through nanotubes (Gevorgian et al., 1998; Zhevago & Glebov,
1998; Biryukov & Bellucci, 2002; Greenenko & Shulga, 2003; Zhevago & Glebov,
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2003; Artru et al., 2005; Bellucci et al., 2005; Krasheninnikov & Nordlund,
2005; Moura & Amaral, 2005; Borka et al., 2005; Nesˇkovic´ et al., 2005; Petrovic´ et al.,
2005a,b; Borka et al., 2006a,b, 2007; Matyukhin & Frolenkov, 2007; Miˇskovic´,
2007; Moura & Amaral, 2007; Borka et al., 2008a,b; Matyukhin, 2008; Petrovic´ et al.,
2008a,b; Zheng et al., 2008a,b; Petrovic´ et al., 2009). The main objective of
most of those studies was to investigate the possibility of guiding ion beams
with nanotubes. Biryukov and Bellucci (Biryukov & Bellucci, 2002) looked
for the nanotube diameter optimal for channeling high energy ion beams.
Krasheninnikov and Nordlund (Krasheninnikov & Nordlund, 2005) studied
the channeling of low energy Ar+ ions through achiral and chiral nanotubes.
Petrovic´ et al. (Petrovic´ et al., 2005a) demonstrated that the rainbow effect
could play an important role in ion channeling through nanotubes.
a1
a2
O
(4,-5)
Ch
T
x
y
q
(6,3)
0
0
Figure 1: The hexagonal crystal lattice: x0 and y0 are the axes of the local
reference frame, and ~a1 and ~a2 the unit vectors of the lattice. When carbon
atoms are placed at the lattice sites, a sheet of carbon atoms is obtained.
When rolled up into a cylinder, the sheet of carbon atoms becomes a car-
bon nanotube: ~Ch is the chiral vector of the nanotube, ~Θh the chiral angle
of the nanotube, and ~T the translational vector of the nanotube, which is
perpendicular to ~Ch and extends from its origin (point O) to the first lattice
point. Rectangle defined by ~Ch and ~T is a unit cell of the nanotube. In the
displayed case ~Ch = (6,3) and ~T = (4,-5).
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Figure 2: The classification of carbon nanotubes: (a) an armchair nanotube,
(b) a zigzag nanotube, and (c) a chiral nanotubes.
The experimental studying of ion channeling through carbon nanotubes
is in the initial phase. The most challenging task in such experiments still is
to solve the problems of ordering, straightening and holding nanotubes. The
first experimental data on ion channeling through nanotubes were reported
by Zhu et al. (Zhu et al., 2005). They were obtained with He+ ions of
the kinetic energy of 2 MeV and an array of the well-ordered multi-wall
nanotubes grown in a porous anodic aluminum oxide (Al2O3) membrane.
The authors measured and compared the yields of ions transmitted through
the bare Al2O3 sample and the Al2O3 sample including the nanotubes. The
first experiment with electrons and nanotubes was performed by Chai et
al. (Chai et al., 2007). They used the 300 keV electrons and studied their
transport through the multi-wall nanotubes of the length in the range of
0.7-3.0 µm embedded in a carbon fiber coating. The misalignment of the
nanotubes was below 1◦. Berdinsky et al. (Berdinsky et al., 2008) succeeded
in growing the single-wall nanotubes in the etched ion tracks in a silicon
oxide (SiO2) layer on a silicon substrate. This result has opened a possibility
for conducting precise measurements of ion channeling through nanotubes in
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a wide ion energy range.
This chapter is devoted to our theoretical studies of proton channeling
through carbon nanotubes. We shall first describe briefly the process of ion
channeling. Then, the crystal rainbow effect will be introduced, and the
theory of crystal rainbows will be presented. We shall continue with a de-
scription of the effect of zero-degree focusing of protons channeled through
nanotubes. Further, the angular distributions and rainbows in proton chan-
neling through nanotubes will be analyzed. We shall focus on the rainbows
in transmission of 1 GeV protons through a straight very short bundle of (10,
10) single-wall carbon nanotube, a bent short bundle of (10, 10) nanotubes,
and the straight long (11, 9) nanotubes. Also, the influence of the effect of
dynamic polarization of the carbon atoms valence electrons on the angular
and spatial distributions of protons transmitted through short nanotubes in
vacuum and embedded in dielectric media will be investigated. We shall con-
centrate on the rainbows in transmission of 0.223-2.49 MeV protons through
the short (11, 9) nanotubes in vacuum and embedded in SiO2, Al2O3 and
Ni. Besides, we shall report on the donut effect in transmission of 0.223 MeV
protons through a short (11, 9) nanotube, which occurs when the initial ion
velocity vector is not parallel to the nantoube axis. In addition, we shall
explore the channeling star effect in 1 GeV proton channeling through bun-
dles of nanotubes, which appears when the proton beam divergence angle is
larger than the critical angle for channeling.
2 Ion channeling
An axial crystal channel is a part of a crystal in between its neighboring
atomic strings being parallel to one of its crystallographic axes. The process
of ion motion through the axial crystal channel, in which the angle of its
velocity vector relative to the channel axis remains small, is called axial ion
channeling (Robinson and Oen, 1963; Lindhard, 1965; Gemmell, 1974). This
process is explained by the ion repulsions from the atomic strings defining
the channel, which are the results of the series of its correlated collisions
with the atoms of the strings. Analogously, a planar crystal channel is a
part of the crystal in between its neighboring atomic planes being parallel
to one of its crystallographic planes. The process of ion motion through the
planar crystal channel is called planar ion channeling (Robinson and Oen,
1963; Lindhard, 1965; Gemmell, 1974).
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Theoretical studies of ion channeling tbrough crystals have been going on
along two major lines. The first line was founded by Lindhard (Lindhard,
1965) and the second one by Barrett (Barrett, 1971). The Lindhard’s ap-
proach was analytical and it was developed by the methods of statistical
mechanics. He included the continuum approximation, i.e., neglected the
longitudinal correlations between the positions of the atoms of one atomic
string, did not take into account the transverse correlations between the
positions of the atomic strings, and included the assumption of statistical
equilibrium in the transverse position plane. The Barrett’s approach was via
the ion-atom scattering theory and it was numerical. He developed a very
realistic computer code for the three-dimensional following of ion trajectories
through crystal channels, in which the three approximations used by Lind-
hard were avoided. The Barrett’s approach is more complex, but a number
of calculations have shown that it is much more accurate than the Lindhard’s
approach.
The results that will be presented here have been obtained by a realis-
tic computer code based on the numerical solution of the ion equations of
motion through crystal channels. The continuum approximation is included.
Consequently, one has to solve only the ion equations of motion in the trans-
verse position plane. The transverse correlations between the positions of
the atomic strings are taken into account.
Let us take that the z axis of the reference frame coincides with the
channel axis and that its origin lies in the entrance plane of the crystal. The
x and y axes of the reference frame are the vertical and horizontal axes,
respectively. It is assumed that the interaction of the ion and crystal can
be treated classically (Lindhard, 1965; Gemmell, 1974; Barrett, 1971). The
interaction of the ion and a crystal’s atom is described by an approximation of
the Thomas-Fermi interaction potential or any other appropriate interaction
potential – V (r′), where r′ is the distance between the ion and crystal’s atom.
As a result, we obtain the ion-crystal continuum interaction potential,
U(x, y) =
J∑
j=1
Uj(x, y), (1)
where
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Uj(x, y) =
1
d
+∞∫
−∞
V (ρ2j + z
2)
1
2dz, (2)
is the continuum interaction potential of the ion and the jth atomic string,
ρj =
[
(x− xj)2 + (y − yj)2
]1/2
, (3)
is the distance between the ion and this atomic string, and x and y are the
transverse components of the proton position vector; J is the number of
atomic strings and d the distance between the atoms of an atomic string.
The thermal vibrations of the crystal’s atoms can be taken into ac-
count. This is done by averaging U(x, y) over the transverse displacements of
the crystal’s atoms from their equilibrium positions (Appleton et al., 1967;
Nesˇkovic´, 1986). As a result, one has to substitute Uj(x, y) in Eq. (2) with
U thj (x, y) = Uj(x, y) +
σ2th
2
[∂xxUj(x, y) + ∂yyUj(x, y)] , (4)
where σth is the one-dimensional thermal vibration amplitude of the crystal’s
atoms. Thus, U th(x, y) is obtained instead of U(x, y).
We neglect the nuclear ion energy loss, i.e., the energy loss resulting from
its collisions with the crystal’s nuclei. But, the electronic ion energy loss and
dispersion of its transmission angle, which are caused by its collisions with
the crystal’s electrons, can be included. For the specific ion energy loss we
use expression
− dE
dz
=
4πZ21e
4
mev2
ne
(
ln
2meγ
2v(z)2
~ωe
− β2
)
, (5)
where Z1 is the atomic number of the ion, e the elementary charge, me the
electron mass, v(z) the magnitude of the ion velocity vector, β = v(z)/c,
c the speed of light, γ2 = (1 − β2)−1, ne = (∂xx + ∂yy)U th(x, y)/4π the
average of the density of the crystal’s electron gas along the z axis, ~ the
reduced Planck constant, and ωe = (4πe
2ne/me)
1
2 the angular frequency of
the ion induced oscillations of the crystal’s electron gas (Gemmell, 1974;
Petrovic´ et al., 2002). For the specific change of the dispersion of the ion
transmission angle we use expression
dΩ2e
dz
=
me
m2v2(z)
(
−dEe
dz
)
, (6)
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where m = m0γ is the relativistic ion mass and m0 the ion rest mass
(Gemmell, 1974; Petrovic´ et al., 2002). This dispersion is a measure of the
uncertainty of the ion transmission angle. The dispersions of the vertical
and horizontal components of the ion transmission angle, Θx and Θy, are
dΩ2ex = dΩ
2
e/2 and dΩ
2
ex = dΩ
2
e/2, respectively.
The ion equations of motion in the transverse position plane are
m
d2x
dt2
= −∂xU th(x, y) (7)
and
m
d2y
dt2
= −∂yU th(x, y), (8)
where t denotes the time. They are solved by the Runge-Kutta method of the
fourth order (Press et al., 1993). In the calculation the time step is chosen
in such a way to obtain the fixed longitudinal distance step with the desired
accuracy.
At the end of each time step of the calculation the magnitude of the ion
velocity vector is corrected using the value of the ion energy loss during the
step. The vertical and horizontal components of the ion transmission angle
at the end of each time step are chosen within the Gaussian distribution
functions defined by Θx and dΩ
2
ex and by Θy and dΩ
2
ey, respectively. The
(relativistic) ion mass at the end of each time step is calculated using the
corrected value of the magnitude of the ion velocity vector.
The initial direction of the ion velocity vector is defined by the angles
its vertical and horizontal components make with the x and y axes, Θx0 and
Θy0, respectively. However, if this direction is uncertain, with the dispersions
of Θx0 and Θy0 being Ω
2
dx = Ω
2
d/2 and Ω
2
dy = Ω
2
d/2, respectively, where Ωd
is the divergence angle of the initial ion beam, the vertical and horizontal
components of the initial ion velocity vector are chosen via the Gaussian dis-
tribution functions defined by Θx0 and Ω
2
dx and by Θy0 and Ω
2
dy, respectively.
3 Crystal rainbows
Let us now examine the process of ion transmission through an axial crystal
channel. The scheme of the process is given in Figure 3. It is well-known that
the motion of an ion close to the channel axis can be treated as an oscillatory
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motion around the axis. If the ion impact parameter vector and the angle
between its initial velocity vector and the channel axis are fixed, the number
of oscillations the ion makes before leaving the crystal depends on its initial
kinetic energy. If this energy is sufficiently high for the ion to make less
than about a quarter of an oscillation around the channel axis, its trajectory
can be approximated by a straight line. If this is true for the majority of
ions, one says that the crystal is very thin. If, however, the majority of ions
make between about a quarter of an oscillation and about one oscillation,
the crystal is thin. The crystal is thick if the majority of ions make more
than about one oscillation. Finally, if the majority of ions make much more
than one oscillation, the crystal is very thick.
Figure 3: A scheme of the process of ion transmission through an axial crystal
channel. The z axis of the reference frame coincides with the channel axis
and its origin lies in the entrance plane of the crystal. The x and y axes are
the vertical and horizontal axes, respectively. In this example the channel is
defined by four atomic strings of the crystal, the initial ion velocity vector
lies in the xz plane and it is parallel to the z axis. The vertical components
of the ion impact parameter vector and transmission angle are designated by
x and Θx, respectively. The horizontal components of these variables, y and
Θy, respectively, are equal to zero.
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3.1 Discovery of crystal rainbows
Nesˇkovic´ (Nesˇkovic´, 1986) showed theoretically that in the ion transmission
through an axial channel of a very thin crystal the rainbow occurred, i.e., the
ion differential transmission cross section could be singular. His approach was
via the ion-molecule scattering theory. In the created model the continuum
approximation was included implicitly, the correlations between the positions
of the atomic strings of the crystal were included, and the assumption of sta-
tistical equilibrium in the transverse position plane was avoided. The effect
was observed experimentally for the first time by Krause et al. (Krause et al.,
1986). It was named the crystal rainbow effect (Nesˇkovic´ et al., 1993).
The first measurement of crystal rainbows was performed with 7 MeV pro-
tons and the <100> and <110> Si very thin crystals (Krause et al., 1986).
The obtained angular distributions of channeled protons were reproduced
using the model of Nesˇkovic´ (Nesˇkovic´, 1986) with the Lindhard’s proton-
crystal continuum interaction potential (Lindhard, 1965). Krause et al. have
also performed the high resolution measurements of the angular distribu-
tions of 2-9 MeV protons and 6-30 MeV C4+, C5+ and C6+ ions transmitted
through the <100> Si thin crystal (Krause et al., 1994). The interpretation
of the obtained results was done using the computer code of Barrett (Barrett,
1971) with the Molie`re’s ion-crystal continuum interaction potential. Those
measurements demonstrated clearly the possibilities of using crystal rainbows
for exploring the properties of thin crystals, e.g., for precise local measure-
ment of their thickness, with the accuracy of a few atomic layers, and for
precise differential measurement of the electron density and ion energy loss
within their channels (Nesˇkovic´ & Petrovic´, 2003).
As it has been said in part §1 of this chapter, Petrovic´ et al. (Petrovic´ et al.,
2005a) showed theoretically that the rainbow effect can also appear with car-
bon nanotubes. This will be discussed in detail in part §5 of this chapter.
3.2 Theory of crystal rainbows
Krause et al. (Krause et al., 1986) and Miletic´ et al. (Miletic´ et al., 1996,
1997) investigated the periodicity of evolution of the angular distribution of
channeled ions with the reduced crystal thickness, which is
Λ =
f(q,m)L
v0
, (9)
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where q = Z1e, m and v0 are the ion charge, mass and magnitude of the
initial ion velocity vector, respectively, L is the crystal thickness, and f(q,m)
is the average frequency of the ion motion close to the channel axis. They
found that the evolution of the angular distribution of channeled ions could
be divided into cycles. The first cycle lasts for Λ between 0 and 0.5, the
second cycle for Λ between 0.5 and 1, and so on. These cycles were named
the rainbow cycles. We note that the crystal is very thin if Λ is smaller than
∼0.25, it is thin if Λ is between ∼0.25 and ∼1, it is thick if Λ is larger than
∼1, and it is very thick if Λ is much larger than ∼1. For Λ = (n−1)/2+1/4,
where n = 1, 2, ... is the order of the rainbow cycle, a large part of the ion
beam is focused around the origin in the transverse position plane. This is an
effect of spatial focusing, which is called the effect superfocusing of channeled
ions Demkov & Meyer (2004); Nesˇkovic´ et al. (2009). For Λ = n/2, with n
= 1, 2, ..., a large part of the ion beam is parallel to the channel axis, i.e.,
it is focused around the origin in the transmission angle plane. This is an
effect of angular focusing, which is called the effect of zero-degree focusing
of channeled ions (Miletic´ et al., 1996, 1997).
In order to describe the ion transmission through axial channels of crys-
tals that are not necessarily very thin, Petrovic´ et al. (Petrovic´ et al., 2000)
generalized the model of Nesˇkovic´ (Nesˇkovic´, 1986) and formulated the the-
ory of crystal rainbows. Let us describe this theory briefly. We take that the
z axis of the reference frame coincides with the channel axis and its origin
lies in the entrance plane of the crystal. The x and y axes of the reference
frame are the vertical and horizontal axes, respectively. This is shown in Fig.
3. It is assumed that the interaction of the ion and crystal can be treated
classically (Lindhard, 1965). The interaction of the ion and a crystal’s atom
is described by the Lindhard’s (Lindhard, 1965) or Molie`re’s approximation
(Molie`re, 1947) of the Thomas-Fermi interaction potential, or any other ap-
propriate interaction potential. We apply the continuum approximation, i.e.,
the atomic strings are treated as if they are continual, rather than discrete
(Lindhard, 1965). As a result, we obtain the Lindhard’s or Molie`re’s ion-
crystal continuum interaction potential, or another appropriate continuum
interaction potential. The thermal vibrations of the crystal’s atoms can be
taken into account as it is described in part 2 of this chapter (Appleton et al.,
1967). We neglect the nuclear ion energy loss, i.e., the energy loss resulting
from its collisions with the crystal’s nuclei. But, the electronic ion energy loss
and dispersion of its transmission angle, which are caused by its collisions
with the crystal’s electrons, can be included as it is described in part 2 of
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this chapter (Gemmell, 1974; Petrovic´ et al., 2002).
The transverse components of the initial ion position vector are equal to
the components of its impact parameter vector, x0 and y0, while the trans-
verse components of the initial ion velocity vector are vx0 and vy0. In order
to obtain the components of the final ion position and velocity vectors, one
must solve the ion equations of motion. Since we apply the continuum ap-
proximation and the electronic ion energy loss during the whole transmission
process remains small, we assume that the longitudinal ion motion is uniform
and solve only the ion equations of motion in the transverse position plane.
In order to compensate the inaccuracies resulting from this assumption, the
magnitude of the ion velocity vector at the end of each step of the calculation
is corrected using the value of the ion energy loss during the step. We also
correct the direction of the ion velocity vector at the end of each step of the
calculation using the value of the change of the dispersion of its transmission
angle during the step. This is how the ion energy loss and change of the
dispersion of its transmission angle are included in the calculations. The rel-
ativistic effect is taken into account by changing the ion mass at the end of
each step of the calculation using the corrected value of the magnitude of the
ion velocity vector. The obtained transverse components of the final ion po-
sition vector are x(x0, y0,Λ) and y(x0, y0,Λ), and the transverse components
of the final ion velocity vector are vx(x0, y0,Λ) and vy(x0, y0,Λ). Since the ion
transmission angle during the whole transmission process remains small, the
components of the final ion transmission angle are Θx(x0, y0,Λ) = vx/v and
Θy(x0, y0,Λ) = vy/v, where v = v(x0, y0,Λ) is the magnitude of the final ion
velocity vector. The spatial and angular distributions of transmitted ions,
in the exit plane of the crystal, are generated by the computer simulation
method. The spatial and angular distributions of ions in the entrance plane
of the crystal are determined by the spatial and angular characteristics of
the chosen initial ion beam. If the ion, during its motion along the channel,
enters any of the cylindrical regions around the atomic strings of the radius
equal to the screening radius of a crystal’s atom, it is excluded from the
calculations.
Since the ion transmission angle during the whole transmission process
remains small, the ion differential transmission cross section is
σ(x0, y0,Λ) =
1
|JΘ(x0, y0,Λ)| , (10)
where
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JΘ(x0, y0,Λ) = ∂x0Θx∂y0Θy − ∂y0Θx∂x0Θy (11)
is the Jacobian of the components of its transmission angle, which equals
the ratio of the infinitesimal surfaces in the transmission angle plane and
impact parameter plane. It describes the mapping of the impact parameter
plane to the transmission angle plane. Hence, equation JΘ(x0, y0,Λ) = 0
gives the angular rainbow lines in the impact parameter plane, along which
the mapping is singular. The images of these lines determined by functions
Θx(x0, y0,Λ) and Θy(x0, y0,Λ) are the rainbow lines in the transmission angle
plane.
On the other hand, the mapping of the impact parameter plane to the
transverse position plane is described by the Jacobian of the transverse com-
ponents of the ion position vector. This Jacobian, which equals the ratio of
the infinitesimal surfaces in the transverse position plane and impact param-
eter plane, reads
Jρ(x0, y0,Λ) = ∂x0x∂y0y − ∂y0x∂x0y. (12)
Thus, equation Jρ(x0, y0,Λ) = 0 gives the spatial rainbow lines in the impact
parameter plane, along which the mapping is singular. The images of these
lines determined by functions x(x0, y0,Λ) and y(x0, y0,Λ) are the rainbow
lines in the transverse position plane.
The rainbow lines in the transverse position plane and transmission angle
plane separate the bright and dark regions in these planes. Their shapes
are classified by catastrophe theory (Thom, 1975; Nesˇkovic´ & Perovic´, 1987;
Nesˇkovic´ et al., 1993). Hence, one says that the ion beam dynamics in the
channel has the catastrophic character.
4 Zero-degree focusing of protons channeled
through bundles of nanotubes
The first calculations of the effect of zero-degree focusing of channeled ions,
which is defined in part §3.2 of this chapter, were performed by Miletic´ et al.
(Miletic´ et al., 1996, 1997). In the former study the projectiles were 25 MeV
C6+ ions and the target was the <100> Si crystal of the thickness between 0
and 2.7 µm, while in the latter study the projectiles were Ne10+ ions of the
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kinetic energies between 1 and 37 MeV while the target was the 1.0 µm thick
<100> Si crystal. The effect has not yet been observed experimentally.
We shall describe here the effect of zero-degree focusing of 1 GeV protons
channeled through the (10, 10) single-wall carbon nanotubes (Nesˇkovic´ et al.,
2005; Petrovic´ et al., 2005b). Such a nantoube is achiral, i.e., its atomic
strings are parallel to its axis. It is assumed that the nanotubes form a bun-
dle whose transverse cross-section can be descirbed via a (two-dimensional)
hexagonal or rhombic superlattice with one nanotube per primitive cell (Thess et al.,
1996). We choose the z axis of the reference frame to coincide with the bundle
axis and its origin to lie in the entrance plane of the bundle. The arrange-
ment of the nanotubes is such that their axes intersect the x and y axes of
the reference frame, which are the vertical and horizontal axes, respectively
(Petrovic´ et al., 2005a). We take into account the contributions of the nan-
otubes lying on the two nearest rhombic coordination lines, relative to the
center of the primitive cell of the (rhombic) superlattice.
The calculations are performed using the theory of crystal rainbows,
which is described in part §3.2 of this chapter. The interaction of the proton
and a nanotube atom is described by the Molie`re’s approximation (Molie`re,
1947) of the Thomas-Fermi interaction potential, which reads
V (r′) =
Z1Z2e
2
r′
[0.35 exp(−0.3r′/a) + 0.55 exp(−1.2r′/a) + 0.10 exp(−6.0r′/a)]
(13)
where Z1 = 1 and Z2 = 6 are the atomic numbers of the proton and nanotube
atom, respectively, e is the elementary charge, r′ is the distance between
the proton and nanotube atom, b = 0.3/a, a = [9π2/(128Z2)]
1
3 a0 is the
screening radius of the nanotube atom, and a0 is the Bohr radius. It has been
proven that this expression provides excellent agreement with experimental
results in the field of ion channeling (Krause et al., 1994). The application of
the continuum approximation gives the Molie`re’s proton-bundle continuum
interaction potential, which reads
U(x, y) =
I∑
i=1
J∑
j=1
Uij(x, y), (14)
where
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Uij(x, y) =
2Z1Z2e
2
d
[0.35K0(0.3ρij/a) + 0.55K0(1.2ρij/a) + 0.10K0(6.0ρij/a)]
(15)
is the Molie`re’s continuum interaction potential of the proton and the jth
atomic string of the ith nanotube within the bundle,
ρij =
[
(x− xij)2 + (y − yij)2
] 1
2 (16)
is the distance between the proton and this atomic string, and x and y are the
transverse components of the proton position vector; I = 16 is the number
of nanotubes within the bundle, J = 40 is the number of atomic strings of
a nanotube, d = 0.24 nm is the distance between the atoms of an atomic
string, and K0 denotes the modified Bessel function of the second kind and
0th order. This means that the number of atomic strings within the bundle
is I×J = 640. The thermal vibrations of the nanotube atoms are taken into
account. This is done by substituting Uij(x, y) in Eq. (14) with
U thij (x, y) = Uij(x, y) +
σ2th
2
[∂xxUij(x, y) + ∂yyUij(x, y)] , (17)
where σth = 5.3 pm is the one-dimensional thermal vibration amplitude of the
nanotube atoms (Hone et al., 2000). Thus, U th(x, y) is obtained instead of
U(x, y). The electronic proton energy loss and dispersion of its transmission
angle, caused by its collisions with the nanotube electrons, are neglected.
The nanotube radius is 0.67 nm (Saito et al., 2001) and the distance between
the axes of two neighboring nanotubes is 1.70 nm (Thess et al., 1996). The
components of the proton impact parameter vector are chosen uniformly
within the primitive cell of the (rhombic) superlattice. The initial proton
velocity vectors are all taken to be parallel to the bundle axis.
The nanotube walls define two separate regions in the transverse position
plane: inside the nanotubes and in between them (Petrovic´ et al., 2005a).
Accordingly, the bundle contains two types of channels: the circular one,
whose center coincides with the center of the region inside each nanotube,
and the triangular one, whose center coincides with the center of the region
in between each three neighboring nanotubes. It is clear that in this case
one has to define two average frequencies of the proton motion close to the
channel axis, corresponding to the protons moving close to the centers of
the circular and triangular channels. The two frequencies can be determined
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from the second order terms of the Taylor expansions of the proton-bundle
continuum interaction potential in the vicinities of the centers of the two
types of channels. Consequently, there are two reduced bundle lengths, Λ1
and Λ2, corresponding to the proton motions close to the axes of the circular
and triangular channels, respectively.
Figure 4(a) shows the dependence of the zero-degree yield of protons
propagating along the circular channels of the bundle on the bundle length,
L, in the range of 0-200 µm; the Λ1 axis is shown too. For the region in
the transmission angle plane in the vicinity of its origin we take the region
in which the proton transmission angle, Θ = (Θ2x + Θ
2
y)
1
2 , where Θx and
Θy are its vertical and horizontal components, respectively, is smaller than
0.0109 mrad. The initial number of protons is 174 976. The six maxima of
the dependence correspond to the ends of the first six rainbow cycles, where
the proton beam channeled through the circular channels is quasi-parallel
(Miletic´ et al., 1996, 1997). The positions of these maxima should be close
to Λ1 = 0.5, 1, 1.5, .... However, this is not true. For example, the position
of the first maximum of the dependence is Λ1 = 0.35. The large deviations of
the values of these position from their expected values are explained by the
strong anharmonicity of the proton-bundle continuum interaction potential
in the vicinities of the centers of the circular channels (Miletic´ et al., 1997).
The dependence of the zero-degree yield of protons propagating along the
triangular channels of the bundle on L in the range of 0-200 µm is given in
Fig. 4(b); the Λ2 axis is shown too. The initial number of protons is 136 658.
The dependence has 27 maxima, and they correspond to the ends of the first
27 rainbow cycles, where the proton beam channeled through the triangular
channels is quasi-parallel (Miletic´ et al., 1996, 1997). The positions of these
maxima are close to Λ2 = 0.5, 1, 1.5, .... For example, the position of the
first maximum of the dependence is Λ2 = 0.49. The small deviations of the
values of these position from their expected values are attributed to the weak
anharmonicity of the proton-bundle continuum interaction potential in the
vicinities of the centers of the triangular channels (Miletic´ et al., 1997). It
should be noted that the total zero-degree yield of channeled protons, i.e.,
of protons channeled through both the circular and triangular channels, as
a function of L is the sum of the zero-degree yields shown in Fig. 4(a) and
Fig. 4(b).
We have also investigated the effect of zero-degree focusing of 1 GeV pro-
tons channeled through the (10, 0) single-wall carbon nanotubes (Borka et al.,
2008). The study has been performed in the same way as in the case of (10,
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Figure 4: (a) The zero-degree yield of 1 GeV protons channeled through
the circular channels of the bundle of (10, 10) single-wall carbon nanotubes
as a function of the bundle length, L. (b) The zero-degree yield of 1 GeV
protons channeled through the triangular channels of the bundle of (10, 10)
single-wall carbon nanotubes as a function of the bundle length, L.
10) nanotubes. The number of nanotubes within the bundle is I = 16, the
number of atomic strings of a nanotube is J = 20, the distance between the
atoms of an atomic string is d = 0.21 nm. The nanotube radius is 0.39 nm
(Saito et al., 2001), and the distance between the axes of two neighboring
nanotubes is 1.10 nm (Zhang et al., 2003). In this case the dependence of
the zero-degree yield of protons channeled through the circular channels of
the bundle on L in the range of 0-200 µm contains 26 maxima. The posi-
tions of these maxima are close to Λ1 = 0.5, 1, 1.5, .... The average distance
between the maxima is ∆Λ1 = 0.49. This means that the anharmonicity
of the proton-bundle continuum interaction potential in the vicinities of the
centers of the circular channels is weak (Miletic´ et al., 1997). In this case
the dependence of the zero-degree yield of protons channeled through the
triangular channels of the bundle on L in the range of 0-200 µm contains 37
maxima. The positions of these maxima are very close to Λ2 = 0.5, 1, 1.5,
.... The average distance between the maxima is ∆Λ2 = 0.50. Thus, one
can say that the anharmonicity of the proton-bundle continuum interaction
potential in the vicinities of the centers of the triangular channels is very
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weak (Miletic´ et al., 1997).
The comparison of the zero-degree yields of protons channeled through
the circular and triangular channels of the bundles as functions of L in the
cases of (10, 10) and (10, 0) nanotubes shows that:
- (i) when the circular channels are considered, the average frequency of
the proton motion close to the channel axis is much lower in the former
than in the latter case,
- (ii) when the triangular channels are considered, the average frequency
of the proton motion close to the channel axis is lower in the former
than in the latter case, and
- (iii) when the circular and triangular channels are compared to each
other, the ratio of the average frequencies of the proton motions close
to the channel axes in the circular and triangular channels is much
smaller in the former than in the latter case.
Thus, one can conclude that the measurements of the effect of zero-degree
focusing of channeled protons can give the information on the transverse
lattice structures of the nanotubes and of the bundles.
5 Angular distributions and rainbows in pro-
ton channeling through nanotubes
We shall present in this part of the chapter the angular distributions and
rainbows in channeling 1 GeV protons through a straight very short bundle
of (10, 10) single-wall carbon nanotubes (Petrovic´ et al., 2005a), a bent short
bundle of (10, 10) nanotubes (Nesˇkovic´ et al., 2005), and the straight long
(11, 9) nanotubes (Petrovic´ et al., 2008b).
5.1 Rainbows with a straight very short bundle of na-
notubes
The system we investigate here is a 1 GeV proton moving through a bundle
of (10, 10) single-wall carbon nanotubes that is described in part 4 of this
chapter. The bundle length is 1 µm (Petrovic´ et al., 2005a). The reduced
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bundle lengths corresponding to the proton channeling inside the nanotubes
and in between them, i.e., through the circular and triangular channels of
the bundle, are Λ1 = 0.015 and Λ2 = 0.070, respectively. These values tell
us that in both cases the majority of protons make before leaving the bundle
less than a quarter of an oscillation around the channel axis (Λ1,Λ2 < 0.25).
Therefore, one can say that the bundle we investigate is very short.
Figure 5: The rainbow lines in the impact parameter plane for 1 GeV protons
transmitted through the 1 µm long (10, 10) single-wall carbon nanotubes.
The calculations are performed using the theory of crystal rainbows,
which is described in part §3.2 of this chapter. The interaction of the proton
and bundle is described by Eqs. (14)-(16). We take into account the effect
of thermal vibrations of the nanotube atoms, and this is done by Eq. (17).
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Figure 6: The rainbow lines in the transmission angle plane corresponding to
the rainbow lines in the impact parameter plane (shown in Fig. 1) lying (a)
inside each nanotube, and (b) in between each four neighboring nanotubes.
However, the electronic proton energy loss and dispersion of its transmission
angle are neglected. This is justified by the fact that the bundle is very short.
If the bundle were long (Λ1,Λ2 > 1), these effect would cause the smearing
out of the angular distributions of channeled protons (Petrovic´ et al., 2002).
Figure 5 shows the rainbow lines in the impact parameter plane in the
case under consideration. One can see that inside each nanotube, i.e., inside
each circular channel of the bundle, there is one (closed) rainbow line, while
in between each three neighboring nanotubes, i.e., inside each triangular
channel of the bundle, there are one larger and four smaller (closed) rainbow
lines.
The rainbow line in the transmission angle plane that is the image of
the rainbow line in the impact parameter plane lying inside each nanotube
is shown in Figure 6(a). It consists of 20 connected cusped triangular lines
lying along the lines ϕ = tan−1(Θy/Θx) = 2(n + 1)π/20, n = 0-19, which
correspond to the parts of the rainbow line in the impact parameter plane
in front of the 20 pairs of atomic strings defining the nanotube (see Fig.
5). Points 1 and 2 are the intersection points of the rainbow line in the
transmission angle plane with the line Θy = 0. Points 1 are the apices of the
cusps and points 2 are the intersections of the parts of the rainbow line. The
corresponding points in the impact parameter plane are also designated by
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Figure 7: (a) The angular distribution of 1 GeV protons transmitted through
the 1 µm long bundle of (10, 10) single-wall carbon nanotubes. The areas in
which the yields of transmitted protons are larger than 0.13, 0.26, 0.39, 1.3,
2.6, 3.9, 13, 26, 39 % of the maximal yield are designated by the increasing
tones of gray color. (b) The corresponding yield of transmitted protons along
the line Θy = 0.
1 and 2.
Figure 6(b) shows the rainbow lines in the transmission angle plane that
are the images of the rainbow lines in the impact parameter plane lying
in between each four neighboring nanotubes. The analysis shows that the
rainbow pattern consists of two cusped equilateral triangular rainbow lines
in the central region of the transmission angle plane with the cusps lying
along the lines ϕ = 2nπ/3 and ϕ = (2n + 1)π/3, n = 0-2, each connected
with three pairs of cusped triangular rainbow lines lying along the same lines,
and eight cusped triangular rainbow lines lying in between the six pairs of
triangular lines. The two equilateral triangular lines each connected with the
three pairs of triangular lines are the images of the two larger rainbow lines
while the eight triangular lines are the images of the eight smaller rainbow
lines in the impact parameter plane (see Fig. 5). Points 1’, 2’, 3’ and 4’ are
the intersection points of the rainbow lines in the scattering angle plane with
line Θy = 0. Points 1’ are the apices of the cusps, and points 2’, 3’ and 4’ are
the intersections of the parts of the larger rainbow lines. The corresponding
points in the impact parameter plane are also designated by 1’, 2’, 3’ and 4’.
Figure 7(a) shows the angular distribution of transmitted protons. The
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number of transmitted protons is 2 142 538. The areas in which the yields of
transmitted protons are larger then 0.13, 0.26 and 0.39 %, 1.3, 2.6 and 3.9 %,
and 13, 26 and 39 % of the maximal yield are designated by the increasing
tones of gray color. At the very low level of the yield, corresponding to the
boundary yields of 0.13, 0.26 and 0.39 % of the maximal yield, there are
20 triangular forms in the peripheral region of the transmission angle plane,
with the maxima lying on the lines ϕ = 2(n + 1)π/20, n = 0-19. Further,
at the low level of the yield, corresponding to the boundary yields of 1.3, 2.6
and 3.9 % of the maximal yield, there is a hexagonal structure in the central
region of the transmission angle plane, with the maxima lying on the lines
ϕ = nπ/3, n = 0-5. Finally, at the high level of the yield, corresponding
to the boundary yields of 13, 26 and 39 % of the maximal yield, there is
a pronounced maximum at the origin of the transmission angle plane. The
analysis shows that the first part of the angular distribution is generated by
the protons with the impact parameters close to the atomic strings defining
the nanotubes - the 20 triangular forms correspond to the 20 pairs of atomic
strings defining the nanotubes. The second part of the angular distribution
is generated by the protons with the impact parameters in between the nan-
otubes but not close to the centers of the triangular channels. The third part
of the angular distribution is generated to a larger extent by the protons
with the impact parameters close to the centers of the circular channels and
to a smaller extent by the protons with the impact parameters close to the
centers of the triangular channels. It should be noted that most of the pro-
tons that generate the third part of the angular distribution interact with the
nanotubes very weakly - they move through the space inside the nanotubes
virtually as through a drift space. Thus, we can say that the angular dis-
tribution contains the information on the transverse lattice structure of the
bundle. Its first part (the peripheral region of the transmission angle plane)
provides the information on the individual nanotubes while its second part
(the central region of the transmission angle plane) provides the information
on the way they are connected to each other.
The comparison of Figs. 6(a) and 6(b) with Fig. 7(a) shows clearly
that the shape of the rainbow pattern determines the shape of the angular
distribution of transmitted protons. Also, each maximum of the angular
distribution, except the maximum lying at the origin of the transmission
angle plane, can be attributed to one of the above mentioned characteristic
rainbow points in the transmission angle plane. Thus, one can conclude that
the rainbow pattern enables the full explanation of the angular distribution.
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Figure 7(b) gives the low and very low levels of the yield of transmitted
protons along line Θy = 0. The arrows indicate the above mentioned char-
acteristic rainbow points in the transmission angle plane. It is evident that
the two maxima at the low level of the yield can be explained by points 1’
and 4’ in the transmission angle plane, and the two shoulders at the very low
level of the yield by points 1, 2, 2’ and 3’. This means that the characteristic
rainbow points in the transmission angle plane can provide the information
on the continuum potential of the bundle at the corresponding points in the
impact parameter plane, and, hence, on the average electron density in the
bundle at these points (see Fig. 5). The two maxima at the low level of the
yield can be used to measure the average electron density at points 1’ and 4’,
lying in between the nanotubes, while the two shoulders at the very low level
of the yield can be used to measure the average electron density at points
1 and 2, lying in the nanotube, and at points 2’ and 3’, lying in between
the nanotubes. The obtained data can help one compare various theoretical
approaches and determine the electron structure of the bundle.
We have also performed the analyses of the angular distributions of 1
GeV protons transmitted through the 1 µm long bundles of (10, 0) and (5,
5) single-wall carbon nanotubes. These nanotubes are achiral too. In the
former case each nanotube consists of 20 atomic strings and in the latter
case of 10 pairs of atomic strings. The angular distribution in the (10, 0)
case is similar to the one in the (10, 10) case while the angular distribution in
the (5, 5) case is very different from the one in the (10, 10) case. In both cases
it is easy to establish the correspondence between the parts of the angular
distributions and the transverse lattice structures of the bundles. It should
be also noted that the evolution of the angular distribution in the (10, 0) case
(Borka et al., 2005) with the proton energy or the bundle length is different
from the evolution in the (10, 10) case (Petrovic´ et al., 2005b), enabling one
to distinguish between the two types of bundles. Thus, the obtained results
can lead to a new method of characterization of achiral carbon nanotubes,
based on the rainbow effect. This method would be complementary to the
existing method of characterization of nanotubes by electrons impinging on
them transversely rather than longitudinally, which is based on the diffraction
effect (see, e.g., Lucas et al. (2002)).
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5.2 Rainbows with a bent short bundle of nanotubes
Again, the system we explore is a 1 GeV proton moving through a bundle
of (10, 10) single-wall carbon nanotubes that is described in part §4 of this
chapter. However, now, the bundle is bent along the y axis. The bundle
length is 7 µm and its bending angle is varied in the range of 0-1.5 mrad
(Nesˇkovic´ et al., 2005). In this case the critical angle for channeling is ΨC =
0.314 mrad. If the angle of the proton velocity vector relative to the channel
axis is above ΨC , the proton is dechanneled. The reduced bundle lengths
corresponding to the proton channeling through the circular and triangular
channels of the bundle are Λ1 = 0.103 and Λ2 = 0.488, respectively. Thus, in
the circular channels the majority of protons make before leaving the bundle
less than a quarter of an oscillation around the channel axis (Λ1 < 0.25), and
in the triangular channel they make close to half an oscillation (Λ2 ≈ 0.5).
Hence, for the protons in the circular channels the bundle is very short while
for those in the triangular channels it is short (Λ1 < 1).
The calculations are performed using the theory of crystal rainbows,
which is described in part §3.2 of this chapter. The interaction of the proton
and bundle is described by Eqs. (14)-(16). We take into account the effect
of thermal vibrations of the nanotube atoms, and this is done by Eq. (17).
However, the electronic proton energy loss and dispersion of its transmission
angle are neglected. This is justified by the above given values of Λ1 and Λ2.
The bundle length has been chosen to correspond to the first maximum
of the zero-degree yield of protons propagating along the triangular channels
of the bundle as a function of the bundle length, which is given in Fig.
4(b). Thus, the part of the proton beam transmitted through the triangular
channels is quasi-parallel, and we can investigate in an easier manner the
behavior of the proton beam transmitted through the circular channels.
Figure 5.4(a) shows the angular distribution of protons transmitted through
the straight bundle, i.e., for its bending angle α = 0. The sizes of a bin along
the Θx and Θy axes are equal to 0.00667 mrad while the initial number of
protons is 866 976. The angular distribution contains (i) a pronounced max-
imum at the origin of the transmission angle plane, (ii) six non-pronounced
maxima lying along the lines defined by ϕ = tan−1(Θy/Θx) = nπ/3, n =
0-5, and (iii) a non-pronounced circular part. The rainbow pattern in the
transmission angle plane obtained for α = 0 is given in Fig. 8(b). It contains
(i) two six-cusp lines very close to the origin of the transmission angle plane,
corresponding to two complex lines in the impact parameter plane close to
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Figure 8: (a) The angular distribution of 1 GeV protons transmitted through
the straight bundle of (10, 10) single-wall carbon nanotubes of the length of
L = 7 µm. (b) The corresponding rainbow pattern in the transmission angle
plane.
the centers of the two triangular channels making each rhombic channel of
the bundle, (ii) six points lying along the lines defined by ϕ = nπ/3, n =
0-5, corresponding to two times three points in the impact parameter plane
within the two triangular channels making each rhombic channel, and (iii) a
circular line, corresponding to a circular line in the impact parameter plane
within each circular channel. The comparison of the results given in Figs.
8(a) and 5.4(b) shows that the angular distribution can be explained as fol-
lows: (i) the pronounced maximum at the origin of the transmission angle
plane is generated by the protons with the impact parameter vectors close
to the centers of each circular channel and each triangular channel, (ii) the
six non-pronounced maxima by the protons with the impact parameter vec-
tors close to the six rainbow points (within each rhombic channel), and (iii)
the non-pronounced circular part by the protons with the impact parameter
vectors close to the circular rainbow line (within each circular channel).
Figure 9(a) shows the angular distribution of protons transmitted through
the bundle obtained for α = 0.2 mrad. The transmission angle plane is
parallel to the exit plane of the bundle. The sizes of a bin along the Θx
and Θy axes and the initial number of protons are the same as in the case
of α = 0. One can see easily that the angular distribution lies in the region
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Θy > -0.2 mrad, demonstrating that the proton beam is bent by the bundle
effectively. The centrifugal force made the average bending angle of the
proton beam smaller than 0.2 mrad. The angular distribution contains (i)
a part having the shape of an acorn with two maxima at points (±0.096
mrad, -0.054 mrad), and (ii) eight additional maxima close and in between
the two maxima. The rainbow pattern in the transmission angle plane for
α = 0.2 mrad is given in Fig. 9(b). It contains (i) an acorn-like line with
two joining points of its branches, corresponding to a complex line in the
impact parameter plane within each circular channel of the bundle, and (ii)
eight groups of points, corresponding to two times four groups of points in
the impact parameter plane within the two triangular channels making each
rhombic channel. The comparison of the results given in Figs. 9(a) and
9(b) shows that the angular distribution can be explained as follows: (i) the
acorn-like part with the two maxima is generated by the protons with the
impact parameter vectors close to the acorn-like rainbow line with the two
joining points (within each circular channel), and (ii) the eight additional
maxima by the protons with the impact parameter vectors close to the eight
groups of rainbow points (within each rhombic channel).
Figure 10 gives the dependences of the yields of protons transmitted
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Figure 9: (a) The angular distribution of 1 GeV protons transmitted through
the bent bundle of (10, 10) single-wall carbon nanotubes of the length of L
= 7 µm for the bending angle α = 0.2 mrad. (b) The correspoding rainbow
pattern in the transmission angle plane.
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Figure 10: The yields of protons transmitted through the circular channels,
the triangular channels, and both the circular and triangular channels of the
bent bundle of (10, 10) single-wall carbon nanotubes of the lenght of L = 7
µm as functions of the bending angle, α.
through the circular channel and the triangular channels of the bundle on α
in the range of 0-1.5 mrad. The initial numbers of protons are 77 866 for
the former dependence and 60 770 for the latter dependence. The inflection
points of the dependences appear at α = 0.35 and 0.45 mrad, respectively.
These values ought to be compared to the value of ΨC , which is 0.314 mrad.
However, the former yield decreases with α after the inflection point consid-
erably slower than the latter yield. They fall below 10 % of the yields for
the straight bundle at α = 1.45 and 0.75 mrad, respectively. This figure also
gives the total yield of protons transmitted through the bundle, both through
the circular and triangular channels, as a function of α. Its inflection point
appears at α = 0.45 mrad, and it falls below 10 % of the yield for the straight
bundle at α = 1.25 mrad.
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5.3 Rainbows with long nanotubes
Let us now consider a 1 GeV proton moving through a long (11, 9) single-wall
carbon nanotube (Petrovic´ et al., 2008b). The nanotube length, L, is varied
from 10 to 500 µm. Such a nanotube is chiral, i.e. its atomic strings spiral
around its axis. The z axis of the reference frame coincides with the nanotube
axis and its origin lies in the entrance plane of the nanotube. The x and y
axes of the reference frame are the vertical and horizontal axes, respectively.
In the calculations we employ the theory of crystal rainbows, which is
decribed in part §3.2 of the chapter. The interaction of the proton and a
nanotube atom is described by the Molie`re’s approximation (Molie`re, 1947)
of the Thomas-Fermi interaction potential, which is given by Eq. (13). Since
the nanotube is chiral, the interaction potential of the proton and nanotube
is obtained by the azimuthal averaging of the Molie`re’s proton-nanotube
continuum interaction potential, which is given by Eqs. (14)-(16), with the
thermal vibrations of the nanotube atoms taken into account, via Eq. (17);
in these equations I = 1, J = 40, and σth = 5.3 pm (Thess et al., 1996). This
interaction potential reads
U th(x, y) =
16πZ1Z2e
2R
3
√
3a2CC
3∑
i=1
(
αi +
σ2thβ
2
i
2a2
)
K0(βiR/a)I0(βiρ/a), (18)
where aCC = 0.14 nm is the bond length of the carbon atoms (Saito et al.,
2001), R = 0.69 nm is the nanotube radius (Saito et al., 2001), (αi) = (0.35,
0.55, 0.10) and (βi) = (0.1, 1.2, 6.0) are the fitting parameters, ρ = (x
2 +
y2)
1
2 , x and y are the transverse components of the proton position vector,
and I0 denotes the modified Bessel function of the first kind and 0
th order
Artru et al. (2005). It is evident that U th(x, y) is cylindrically symmetric.
The electronic proton energy loss and dispersion of its transmission an-
gle, caused by its collisions with the nanotube electrons, are not taken into
account. The components of the proton impact parameter vector are chosen
randomly within the circle around the origin of radius R − a. The initial
proton velocity vectors are all taken to be parallel to the nanotube axis.
Since U th(x, y) is cylindrically symmetric, the problem we consider is
in fact one-dimensional. This means that the rainbow lines in the impact
parameter plane and transmission angle plane, if they exist, will show up as
the circles. Consequently, it is sufficient to analyze the mapping of the x
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axis in the impact parameter plane to the Θ axis in the transmission angle
plane, i.e., the Θx(x) deflection function. The abscissas and ordinates of the
extrema of this deflection function determine the radii of the rainbow lines
in the impact parameter plane and transmission angle plane, respectively.
Figures 11(a)-(d) show the angular distributions of channeled protons
along the Θ axis for L = 10, 50, 100 and 500 µm, respectively. The size
of a bin along the Θ axis is 0.866 µrad and the initial number of protons is
16 656 140. These values enabled us to attain a high resolution of the angular
distributions in a reasonable computational time. The angular distributions
obtained for L= 10, 50 and 100 µm contain a central maximum and a number
of symmetric pairs of maxima characterized by a sharp decrease of the proton
yield on the large angle side; the numbers of symmetric pairs of sharp maxima
are one, eight and 15, respectively. The angular distribution obtained for L =
500 µm contains a central maximum and a large number of symmetric pairs
of sharp maxima close to each other. The analysis shows that in the region
where |Θx| ≤ 0.2 mrad one can identify 55 pairs of sharp maxima. Figure
11(d) also shows that in the region where 0.041 mrad ≤ |Θx| ≤ 0.058 mrad
there are five pairs of sharp maxima; they are designated by 11-15. In the
region in which |Θx| > 0.2 mrad the resolution of the angular distribution is
not sufficiently high to distinguish easily between the adjacent pairs of sharp
maxima.
The Θx(x) deflection functions obtained for L = 10, 50, 100 and 500 m
are given in Figs. 12(a)-(d), respectively. The deflection functions for L =
10, 50 and 100 µm contain one, eight and 15 symmetric pairs of extrema,
respectively; each pair includes a minimum and a maximum. The analysis
shows that the deflection function obtained for L = 500 µm contains 76
symmetric pairs of extrema. Figure 12(d) also gives five pairs of extrema,
designated by 11-15, that correspond to the five sharp maxima shown in Fig.
11(d). Each symmetric pair of extrema defines a circular rainbow line in
the impact parameter plane and a circular rainbow line in the transmission
angle plane. One can observe that each of the deflection functions for L =
50, 100 and 500 µm has two envelopes, one of them connecting its extrema
designated by odd numbers and the other connecting its extrema designated
by even numbers, and that it oscillates between these envelopes.
The comparison of Figs. 11(a)-(c) and Figs. 12(a)-(c) shows that the ab-
scissas of the pairs of sharp maxima of each angular distribution of channeled
protons along the Θx axis coincide with the ordinates of the corresponding
pairs of extrema of the accompanying Θx(x) deflection function. One can
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Figure 11: The angular distributions along the Θx axis of 1 GeV protons
channeled through the (11, 9) SWCNTs of the length of (a) 10 µm, (b) 50
µm, (c) 100 µm and (d) 500 µm.
draw the same conclusion for the pairs of sharp maxima of the angular dis-
tribution given in Fig. 11(d) and the corresponding pairs of extrema of the
deflection function given in Fig. 12(d), in spite of the fact that in the region
where |Θx| > 0.2 mrad it is not possible to identify the additional 21 pairs of
sharp maxima of the angular distribution. Hence, it is clear that the sharp
maxima of the angular distributions can be attributed to the rainbow effect.
The bright and dark sides of the rainbows are the small and large angle sides
of the corresponding sharp maxima.
Figures 12(a)-(d) show clearly that the number of rainbows generated by
the transmitted protons increases and the average distance between them
decreases as L increases. These two dependences, for L between 50 and
500 µm, are given in Fig. 13. The numbers and positions of the rain-
Angular distributions and rainbows... 33
-0.6 -0.4 -0.2 0.0 0.2 0.4 0.6
-0.3
-0.2
-0.1
0.0
0.1
0.2
0.3
1
 
 
x (
m
ra
d)
x (nm)
1
-0.6 -0.4 -0.2 0.0 0.2 0.4 0.6
-0.3
-0.2
-0.1
0.0
0.1
0.2
0.3
8
8
7
6
5
4
3
2
1
6
5
3
2
7
4
 
 
x (
m
ra
d)
x (nm)
1
-0.6 -0.4 -0.2 0.0 0.2 0.4 0.6
-0.3
-0.2
-0.1
0.0
0.1
0.2
0.3
4
15
14
13
12
11
10
9
8
7
6
5
3
2
1
14
13
12
11
10
9
8
6
5
4
3
2
15
7
 
 
x (
m
ra
d)
x (nm)
1
-0.6 -0.4 -0.2 0.0 0.2 0.4 0.6
-0.3
-0.2
-0.1
0.0
0.1
0.2
0.3
0.34 0.36 0.38
-0.08
-0.04
0.00
0.04
0.08
-0.38 -0.36 -0.34
-0.08
-0.04
0.00
0.04
0.08
 
 
x (
m
ra
d)
x (nm)
15
14
13
12
 
x 
(m
ra
d)
 
 
 x (nm)
11
15 1113
12
 
x 
(m
ra
d)
x (nm)
14
Figure 12: The deflection functions Θx of the x axis in the impact parameter
plane for 1 GeV protons channeled through the (11, 9) SWCNTs of the length
of (a) 10 µm, (b) 50 µm, (c) 100 µm and (d) 500 µm.
bows are determined from the accompanying Θx(x) deflection functions.
The analysis shows that the former dependence can be approximated ex-
cellently by fitting function , where a1 = 0.15 is the fitting parameter.
The latter dependence can be approximated excellently by fitting function
f2 = a2 exp(−L/b2) + a3 exp(−L/b3), where a2 = 0.072 mrad, b2 = 42.6 µm,
a3 = 0.015 mrad and b3 = 340.5 µm are the fitting parameters. These fitting
functions are also shown in Fig. 13. When the nanotube becomes sufficiently
long for the average distance between the rainbows to become smaller than
the resolution of the angular distribution, one cannot distinguish between
the adjacent rainbows. This means that the rainbows disappear and the an-
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Figure 13: The dependences of the number of circular rainbows in the angular
distributions of 1 GeV protons channeled through the (11, 9) single-wall
carbon nanotubes – N , open circles, and the average distance between them
– δ, closed circles, on the nanotube length – L. The full lines represent the
fitting curves.
gular distribution becomes a bell-shaped one. The analysis shows that, in
parallel, the spatial distribution of channeled protons in the exit plane of the
nanotube also becomes a bell-shaped one. Hence, one can say that, when
the nanotube becomes sufficiently long, the angular and spatial distributions
equilibrate, and, as one would expect, this does not happen in accordance
with the ergodic hypothesis Barrett (1973). We call this route to equilibra-
tion, which is characterized by the linear increase of the number of rainbows
and the exponential decrease of the distance between them as L increases,
the rainbow route to equilibration.
Recently, a theoretical analysis of the channeling of 1 GeV protons through
the long (10, 10) single-wall carbon nanotubes has been reported Petrovic´ et al.
(2009). The angular distributions of transmitted protons were generated for
L between 10 and 100 µm. The obtained results show that when L < 30
µm the transverse lattice structure of the nanotube can be deduced from the
angular distribution. When L ≥ 40 µm the angular distribution contains the
concentric circular ridges whose number increases linearly and the distance
between them decreases exponentially as L increases, in a similar way as in
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the above described case of (11, 9) nanotubes. Consequently, these ridges
can be attributed to the rainbow effect.
The above presented results demonstrate that one can employ the an-
gular distributions of protons channeled through long carbon nanotubes for
their characterization. Namely, it seems that each type of nanotube for each
value of L has a characteristic pattern of concentric circular ridges, and that
this can be checked experimentally. However, an easier way to check this
experimentally would be to vary the proton kinetic energy rather than L.
This method of characterization of nanotubes would be complementary to
the method proposed in part §5.1 of this chapter.
6 Dynamic polarization effect in proton chan-
neling through short nanotubes
In this part of the chapter we shall investigate how the angular and spatial
distributions of protons channeled through a short (11, 9) single-wall carbon
nanotube in vacuum or embedded in a dielectric medium is influenced by
the effect of dynamic polarization of the nanotube atoms valence electrons
(Borka et al., 2006a, 2008b,a). The magnaitude of the proton velocity vector,
v, is varaied between 3 and 8 a.u., corresponding to the proton kinetic energy
between 0.223 and 1.59 MeV, respectively. It is expected that the dynamic
polarization effect, which is induced by the proton, is pronounced in this
range of its kinetic energy. The nanotube length, L, is varied between 0.1 and
0.8 µm. We shall also explore the influence of the angle of the initial proton
velocity vector relative to the nanotube axis on the angular distribution of
protons channeled through a short (11, 9) nanotube in vacuum for v = 3 a.u.
and L = 0.2 µm (Borka et al., 2010).
The z axis of the reference frame coincides with the nanotube axis and
its origin lies in the entrance plane of the nanotube. The x and y axes of
the reference frame are the vertical and horizontal axes, respectively. The
calculations are performed using the theory of crystal rainbows, which is
described in part §3.2 of the chapter. The thermal vibrations of the nanotube
atoms are not taken into account. The electronic proton energy loss and
dispersion of its transmission angle, caused by its collisions with the nanotube
electrons, are neglected too. The components of the proton impact parameter
vector are chosen randomly within the circle around the origin of radius R−a,
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where R is the nanotube radius, a = [9π2/(128Z2)]
1
3 a0 the screening radius
of the nanotube atom, and a0 the Bohr radius. The initial proton velocity
vectors are all taken to be parallel to the nanotube axis.
6.1 Rainbows with short nanotubes in vacuum
The system under consideration here is a proton moving through a short (11,
9) single-wall carbon nanotube in vacuum for v = 3 a.u. and L = 0.1-0.3 µm
(Borka et al., 2006a); the corresponding proton kinetic energy is 0.223 MeV.
This nanotube is chiral.
The interaction of the proton and a nanotube atom is described by
the Doyle-Turner interaction potential (Doyle & Turner, 1968). Since the
nanotube is chiral, the static part of the interaction potential of the pro-
ton and nanotube is obtained by the azimuthal averaging of the Doyle-
Turner proton-nanotube continuum interaction potential (Lindhard, 1965;
Zhevago & Glebov, 1998, 2000); the number of atomic strings of the nan-
otube is J = 40. This interaction potential, in atomic units, is
Us(x, y) =
32πZ1Z2R
3
√
3a2CC
4∑
i=1
αiδ
2
i I0(δ
2
iRρ) exp[−δ2i (ρ2 +R2)], (19)
where (γi) = (0.115, 0.188, 0.072, 0.020) and (δi) = (0.547, 0.989, 1.982,
5.656) are the fitting parameters (in a.u.), ρ = (x2 + y2)
1
2 , x and y are
the transverse components of the proton position vector, and I0 denotes the
modified Bessel function of the first kind and 0th order. It is clear that
Us(x, y) is repulsive and cylindrically symmetric.
The dynamic polarization effect is treated by a two-dimensional hydrody-
namic model of the nanotube atoms valence electrons based on a jellium-like
description of the ion cores on the nanotube walls (Mowbray et al., 2004a,b;
Borka et al., 2006a). This model includes the axial and azimuthal averaging
as in the case of US(x, y). As a result, the dynamic part of the interaction
potential of the proton and nanotube is
Ud (x, y) =
Z21
π
∞∑
l=−∞
P
∞∫
0
K2l (kR)
4πn0R (k
2 + l2/R2)
(kv)2 − ω2l (k)
I2l (kρ)dk, (20)
where
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ω2l (k) = (k
2 + l2/R2)
[
4πn0RIl(kR)Kl(kR) + v
2
s
]
(21)
is the square of the angular frequency of the proton induced oscillations of the
nanotube electron gas of angular mode l and longitudinal wave number k, n0
= 0.428 the ground state density of the nanotube electron gas, vs = (πn0)
1
2
is the velocity of propagation of the density perturbations of the nanotube
electron gas, 0 ≤ ρ < R, Il and Kl denote the modified Bessel function of
the first and second kinds and lth order, respectively, and P designates that
only the principal part of the integral is taken into account. One can see that
Ud(x, y), which is also called the image interaction potential of the proton
and nanotube, is attractive and cyllindrically symmetric. Thus, the total
interaction potential of the proton and nanotube is
U(x, y) = Us(x, y) + Ud(x, y). (22)
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Figure 14: The total interaction potential of the proton and nanotube,
U(x, y), along the x axis in the interval (−R,R) for v = 3 a.u - solid line.
The static and dynamic parts of the interaction potential are also shown -
dotted and dashed lines, respectively.
Figure 14 shows the total interaction potential of the proton and nanotube,
U(x, y), along the x axis in interval (−R,R) for v = 3 a.u. (Borka et al.,
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2006a; Petrovic´ et al., 2008a). The static and dynamic parts of the inter-
action potential are also shown in the figure. One can see that due to the
inclusion of the image interaction potential the total interaction potential
of the proton and nanotube has two inflection points. They appear for x
= ±8.1 a.u. If the nanotube we consider is short, the corresponding Θx(x)
deflection function will have a pair of symmetric extrema appearing for the
values of x close to ±8.1 a.u.
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Figure 15: (a) The angular distributions along the Θx axis of protons trans-
mitted through a (11, 9) single-wall carbon nanotubes for v = 3 a.u. and
L = 0.1 µm with and without the dynamic polarization effect included –
solid and dashed lines, respectively. (b) The corresponding Θx(x) deflections
functions.
The angular distribution of transmitted protons along the Θx axis for v
= 3 a.u. and L = 0.1 µm is given in Fig. 15(a) (Borka et al., 2006a). This
figure also shows the corresponding angular distribution when the image in-
teraction potential of the proton and nanotube is not included. The size of
a bin along the Θx axis is equal to 0.066 mrad and the initial number of
protons is 3 141 929. One can see that a central maximum and a pair of
symmetric peripheral maxima appear in the angular distribution when the
image interaction potential is included; the peripheral maxima are labeled
by 1. Figure 15(b) shows the Θx(x) deflection functions corresponding to the
angular distributions given in Fig. 15(a). It is evident that the deflection
function without the image interaction potential taken into account has no
extrema. On the other hand, the deflection function with the image interac-
tion potential taken into account exhibits a pair of symmetric extrema; they
are also labeled by 1. The analysis shows that the two peripheral maxima
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of the angular distribution are connected to the two extrema of the deflec-
tion function. Therefore, we conclude that they are the rainbow maxima, and
that they occur as a consequence of the inclusion of the dynamic polarization
effect. Besides, one should note that the extrema of the deflection function
appear for x = ±8.0 a.u. Since these positions are close to the positions of
the inflection points of the total interaction potential, one should conclude
that the nanotube in question is short.
We have established that for v = 3 a.u. and L = 0.2 µm the angular
distribution of transmitted protons along the Θx axis contains three pairs
of rainbow maxima, and that for v = 3 a.u. and L = 0.3 µm the angular
distribution includes five pairs of rainbow maxima (Borka et al., 2006a). All
these maxima are attributed to the image interaction potential of the proton
and nanotube.
6.2 Rainbows with short nanotube embedded in di-
electric media
Experimentally, the main problem that prevent the observation of ion chan-
neling through carbon nanotubes is the problem of ordering, straightening
and holding nanotubes. The most promising method enabling us to solve
this problem is based on the growing of nanotubes inside the holes in a di-
electric medium (Zhu et al., 2005; Berdinsky et al., 2008). Besides, in many
applications of nanotubes it is desirable to have them embedded in SiO2
(Tsetseris & Pantelides, 2006), or clamped by a Ni shield (Guerret-Pie´court et al.,
1994; Miˇskovic´, 2007).
When a nanotube is embedded in a dielectric medium, the static part of
its interaction potential with the proton is the same as in the case when it
is in vacuum, which is given by Eq. (19). The dynamic part of the interac-
tion potential is obtained by a hydrodynamic model of the nanotube atoms
valence electrons based on the jellium-like description of the ion cores on the
nanotube walls, as in the case when the nanotube is in vacuum, but extended
to include the polarization of the dielectric boundary (Mowbray et al., 2007;
Borka et al., 2008b). It should be noted that this model has also been ap-
plied successfully in the related area of ion interaction with dielectric suported
sheets of carbon atoms (Radovic´ et al., 2007, 2009).
Figure 16(a) shows the angular distribution along the Θx axis of protons
transmitted through a (11, 9) single-wall carbon nanotube embedded in SiO2
40 D. Borka, S. Petrovic´ and N. Nesˇkovic´
for v = 5 a.u. and L = 0.5 µm (Borka et al., 2008b); the corresponding pro-
ton kinetic energy is 0.619 MeV. This figure also shows the corresponding
angular distribution when the nanotube is in vacuum. The size of a bin
along the Θx axis is equal to 0.0213 mrad and the initial number of protons
is 3 141 929. One can see a central maximum and only one pair of sym-
metric peripheral maxima, labeled by 1d, when the nanotube is embedded in
SiO2, in comparison with a central maximum and three pairs of symmetric
peripheral maxima, labeled by 1, 2’ and 2”, when the nanotube is in vacuum.
Figure 16(b) gives the Θx(x) deflection functions corresponding to the an-
gular distributions given in Fig. 16(a). We have found that each peripheral
maximum of each angular distribution is connected to an extremum of the
corresponding deflection function. Hence, all the peripheral maxima are the
rainbow maxima.
Let us know analyze the spatial distributions along the x axis in the exit
plane of the nanotube of protons transmitted through a (11, 9) single-wall
carbon nanotube embedded in SiO2 and in vacuum for v = 5 a.u. and L
= 0.5 µm (Borka et al., 2008a). It is given in Fig. 16(c). The size of a bin
along the Θx axis is equal to 0.3 a.u. and the initial number of protons is
3 141 929. In the former case the spatial distribution constains a central
maximum and three pairs of symmetric peripheral maxima, labeled by 1d,
2d and 3d, and in the latter case the spatial distribution includes a central
maximum and four pairs of symmetric peripheral maxima, labeled by 1i, 2i,
3i and 4i. The maxima designated by 2d, 3d, 3i and 4i are very weak. Figure
16(d) gives the mappings of the x0 axis in the entrance plane of the nanotube
to the x axis in its exit plane corresponding to the spatial distributions given
in Fig. 16(c). It is evident that when the nanotube is embedded in SiO2,
the mapping has six symmetric extrema, labeled by 1d, 2d and 3d. When the
nanotube is in vacuum, the mapping has eight symmetric extrema, labeled
by 1i, 2i, 3i and 4i. Extrema 2d, 3d, 3i and 4i are very sharp and lie near the
nanotube wall. In each case the ordinate of the extremum of the mapping
coincides with the abscissa of the corresponding peripheral maximum of the
spatial distribution. Therefore, these maxima are attributed to the rainbow
effect.
Figure 17(a) gives the angular distribution along the Θx axis of protons
channeled through a (11, 9) single-wall carbon nanotube embedded in SiO2,
Al2O3 and Ni and in vacuum for v = 8 a.u. and L = 0.8 µm (Borka et al.,
2008b); the corresponding proton kinetic energy is 1.59 MeV. The size of
a bin along the Θx axis is equal to 0.0213 mrad and the initial number of
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protons is 3 141 929. The angular distributions obtained with the embed-
ded nanotube contain one central maximum and two symmetric peripheral
maxima, labeled by 1d. It is clear that these positions do not depend much
on the type of medium surrounding the nanotube. This can be explained
by the fact that in these cases the dependences of the image force acting
on the proton on x are close to each other (Borka et al., 2008b). When the
nanotube is in vacuum, the angular distribution contains a central maxi-
mum and no symmetric peripheral maxima. Figure 17(b) shows the Θx(x)
deflection functions corresponding to the angular distributions shown in Fig.
17(a). It is clear that in the cases of embedded nanotubes the deflection
functions contain two pairs of symmetric extrema. The analysis shows that
the two peripheral maxima appearing in the angular distributions obtained
with the embedded nanotube are connected to the former pair of extrema of
the corresponding deflection functions, also labeled by 1d. This means that
these maxima are due to the rainbow effect. The angular distributions ob-
tained with the embedded nanotube do not include any maxima that would
be connected to the latter pair of extrema of the corresponding deflection
functions, lying close to the nanotube wall. It is also clear that in the case
of nanotube in vacuum the deflection function includes only one pair of sym-
metric extrema, lying close to the nanotube wall. However, as it has been
already said, the angular distribution obtained with the nanotube in vaccum
does not have any maxima that would be connected to the pair of extrema
of the corresponding deflection function.
Now, we are going to consider the spatial distributions along the x axis in
the exit plane of the nanotube of protons channeled through a (11, 9) single-
wall carbon nanotube embedded in SiO2, Al2O3 and Ni and in vacuum for
v = 8 a.u. and L = 0.8 µm (Borka et al., 2008a). They are shown in Fig.
17(c). The size of a bin along the Θx axis is equal to 0.3 a.u. and the initial
number of protons is 3 141 929. All these spatial distributions contain a
central maximum and three pairs of symmetric peripheral maxima. In the
cases of embedded nanotubes the peripheral maxima are labeled by 1d, 2d and
3d, and in the case of nanotube in vacuum the peripheral maxima are labeled
by 1i, 2i and 3i. One can see that the angular distributions obtained with
the embedded nanotubes do not differ much from each other, and that they
differ from the angular distribution obtained with the nanotaube in vacuum.
The spatial distributions obtained with the nanotube embedded in SiO2 and
Ni almost coincide. Figure 17(d) shows the mappings of the x0 axis in the
entrance plane of the nanotube to the x axis in its exit plane corresponding
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to the spatial distributions shown in Figure 17(c). One can observe that all
these mappings include three pairs of symmetric extrema. In the cases of
embedded nanotubes the extrema of the mappings are labeled by 1d, 2d and
3d, and in the case of nanotube in vacuum the extrema are labeled by 1i, 2i
and 3i. In each case the ordinate of the extremum of the mapping coincides
with the abscissa of the corresponding peripheral maximum of the spatial
distribution. Therefore, these maxima are the rainbow maxima.
Let us now compare the above described angular and spatial distributions
of channeled protons, obtained for v = 5 a.u. and L = 0.5 µm, and for v =
8 a.u. and L = 0.8 µm. All of them are characterized by the same proton
dwell time, i.e., the same duration of the process of proton channeling. When
the nanotube is in vacuum, the numbers of rainbow maxima of the angular
and spatial distributions are larger in the former case than in the latter case.
This is attributed to the weakening of the image force acting on the proton
with the increase of v. On the other hand, when the nanotube is embedded,
the numbers of rainbow maxima of the angular and spatial distributions is
the same in the former and latter cases. This persistency of the rainbow
effect with the increase of v is explained by the increase of the image force
due to the polarization of the dielectric boundary.
Our findings indicate that a dialectric medium surrounding carbon nan-
otubes can influence their properties. Also, the changing of the spatial distri-
bution of channeled protons with their kinetic energy we have demonstrated,
based on the changing of the dynamic polarization effect, may be used to
probe the atoms or molecules intercalated in the nanotubes. Besides, we
think that nanotubes could be employed to produce nanosized ion beams for
applications in biomedicine.
6.3 Donut effect with protons and a short nanotube in
vacuum
In ion channeling experiments the always present questions are the questions
of ion beam misalignment and divergence. Therefore, it is important to
explore how the dynamic polarization effect influences the angular and spatial
distributions of ions channeled through carbon nanotubes when the initial ion
velocity vector is not parallel to the nanotube axis. We are going to focus on
the angular distribution of protons channeled through a (11, 9) single-wall
carbon nanotube in vacuum for v = 3 a.u. and L = 0.2 µm and for the
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Figure 16: (a) The angular distributions along the Θx axis of protons trans-
mitted through a (11, 9) single-wall carbon nanotube embedded in SiO2 and
in vaccum for v = 5 a.u. and L = 0.5 µm - solid and dashed lines, respec-
tively. (b) The corresponding deflections functions. (c) The corresponding
spatial distributions along the x axis in the exit plane of the nanotube - solid
and dashed lines, respectively. (b) The corresponding mappings of the x0
axis in the entrance plane of the nanotube to the x axis in its exit plane -
solid and dashed lines, respectively.
angle of the initial proton velocity vector relative to the nanotuge axis, ϕ,
between 0 and 10 mrad (Borka et al., 2010); the corresponding proton kinetic
energy is 0.223 MeV. In this case the critical angle for channeling is ΨC = 11
mrad. It should be noted that the inclusion of a dielectric medium around
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Figure 17: (a) The angular distributions along the Θx axis of protons trans-
mitted through a (11, 9) single-wall carbon nanotube embedded in SiO2,
Al2O3 and Ni and in vacuum for v = 8 a.u. and L = 0.8 µm - solid, dotted
and dash dotted lines and dashed line, respectively. (b) The correspond-
ing Θx(x) deflections functions. (c) The corresponding spatial distributions
along the x axis in the exit plane of the nanotube - solid and dashed lines,
respectively. (b) The corresponding mappings of the x0 axis in the entrance
plane of the nanotube to the x axis in its exit plane - solid and dashed lines,
respectively.
the nanotube will modify the results of the calculation only slightly.
It is well-known that when ϕ is close to ΨC , the angular distribution
of ions transmitted through crystal channels takes the shape of a donat
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(Chadderton, 1970; Rosner et al., 1978; Andersen et al., 1980). This effect
is called the donut effect. It has been explained afterwards by the theory
of crystal rainbows (Nesˇkovic´ et al. , 2002; Borka et al., 2003). It must be
noted that the donut effect has been observed in computer simulations of ion
propagation through nanotubes (Zhevago & Glebov, 1998, 2000). However,
the authors did not connect the obtained results to the rainbow effect.
Figure 18(a) shows the angular distribution of transmitted protons for ϕ
= 10 mrad, being close to ΨC (Borka et al., 2010). The image force acting on
the proton is taken into account. One can see clearly that its has a ring-like
structure, and that the yield of protons along the ring is very high. This
is the fully developed donut effect. The corresponding rainbow lines in the
transmission angle plane are shown in Fig. 18(b). These lines demonstrate
that the structure of the angular distribution, including the donut effect, is
due to the rainbow effect. We have established that the influence of the
dynamic polarization effects on the angular distribution is significant for ϕ
between 0 and ΨC/2. However, when ϕ becomes close to ΨC , this influence
is reduced strongly (Borka et al., 2010). This means that the contribution of
the dynamic polarization effect to the donut effect is minor.
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Figure 18: (a) The angular distribution of protons transmitted through a
(11, 9) single-wall carbon nanotube for v = 3 a.u., L = 0.2 µm and ϕ = 10
mrad. The image force acting on the proton is taken into account. (b) The
corresponding rainbow pattern in the transmission angle plane.
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7 Dynamic polarization effect in proton chan-
neling through short nanotubes
The channeling star effect was observed for the first time in the early exper-
iments on ion transmission through axial crystal channels (Gemmell, 1974).
The characteristic ”arms” of a channeling star were attributed to the ions
moving along the planar channels that cross the axial channel. It must be
noted that such a motion can occur only when the ion beam divergence is
larger than the critical angle for channeling (Petrovic´ et al., 2002). Usu-
ally, the effect has been used for precise alignment of the ion beam with the
channel axis.
We are going to describe here the channeling star effect in the transmis-
sion of protons through the bundles of (10, 10) single-wall carbon nanotubes
(Borka et al., 2006b). The initial proton energy is 1 GeV and the bundle
length is varied between 2.2 to 14.3 µm, corresponding to the reduced bun-
dle length associated with the protons moving close to the centers of the
triangular channels of the bundle, Λ2, between 0.15 and 1, respectively (see
part §4 of this review). The study is focused on the problem of mutual
orientation of the neighboring nanotubes within the bundle, which has not
been resolved yet (Kwon & Toma´nek, 2000). The nanotubes in question are
achiral. It is assumed that they form a bundle whose transverse cross-section
can be descirbed via a hexagonal or rhombic superlattice with one nanotube
per primitive cell (Thess et al., 1996). We choose the y axis of the reference
frame to coincide with the bundle axis and its origin to lie in the entrance
plane of the bundle. The arrangement of the nanotubes is such that their
axes intersect the x and y axes of the reference frame, which are the verti-
cal and horizontal axes, respectively (Petrovic´ et al., 2005c). We take into
account the contributions of the nanotubes lying on the two nearest rhom-
bic coordination lines, relative to the center of the (rhombic) primitive cell
of the superlattice. The initial proton beam axis coincides with the bundle
axis. The proton beam divergence angle is chosen to be Ωd = 6ψc, where
ψc = 0.314 mrad is the critical angle for channeling. The calculations are
performed using the theory of crystal rainbows, which is described in part
§3.2 of this review. The interaction of the proton and a nanotube atom is
described by the Molie`re’s approximation (Molie`re, 1947) of the Thomas-
Fermi interaction potential, which is given by Eq. (13). The application of
the continuum approximation gives the Molie`re’s proton-bundle continuum
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interaction potential, which is defined by Eq. (14). The number of nanotubes
within the bundle I = 16, the number of atomic strings of a nanotube J =
40, and the distance between the atoms of an atomic string d = 0.24 nm.
The thermal vibrations of the nanotube atoms are taken into account. This
is done by Eq. (17). The one-dimensional thermal vibration amplitude of
the nanotube atoms σth = 5.3 pm (Hone et al., 2000).
The electronic proton energy loss and dispersion of its proton transmission
angle, caused by its collisions with the nanotube electrons, are taken into
account. For the specific proton energy loss we use expression
− dEe
dz
=
4πZ21e
4
mev2(z)
ne
[
ln
2meγ
2v2(z)
~ωe
− β2
]
, (23)
where me is the electron mass, v(z) the magnitude of the proton velocity
vector, β = v(z)/c, c the speed of light, γ2 = (1 − β)−1, ne = (∂xx +
∂yy)U
th(x, y)/4π the average along the z axis of the density of the nanotube
electron gas, U th(x, y) the Molie`re’s proton-bundle continuum interaction
potential with the effect of thermal vibrations of the nanotube atoms taken
into account, ~ the reduced Planck constant, and ωe = (4πe
2ne/me)
1
2 the
angular frequency of the proton induced oscillations of the nanotube electron
gas. For the specific change of the dispersion of the proton transmission angle
we use expression
dΩ2e
dz
=
me
m2pv
2(z)
(
−dEe
dz
)
, (24)
where mp is the (relativistic) proton mass. The corresponding standard de-
viations of the components of the proton transmission angle, Θx and Θy, are
Ωex = Ωey = Ωe/
√
2.
The nanotube diameter is 1.34 nm (Saito et al., 2001), and the distance
between the axes of two neighboring nanotubes is 1.70 nm (Thess et al.,
1996). The diameter of the bundle is chosen to be 169.64 nm, corresponding
to 100 nanotubes lying on the y axis. The components of the proton impact
parameter vector are chosen uniformly within the region of the bundle. For
each proton impact parameter the x and y components of its initial velocity,
v0x and v0y, respectively, are chosen within the Gaussian distributions with
the standard deviations Ωbx = Ωby = Ωb/
√
2, where Ωb is the proton beam
divergence angle. The initial number of protons is 859 144.
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Figure 19: The angular distributions of 1 GeV protons transmitted through
the bundles of (10, 10) single-wall carbon nanotubes of the reduced lengths
(a) Λ2 = 0.15, (b) Λ2 = 0.35, (c) Λ2 = 0.65, and (d) Λ2 = 0.85. The proton
beam divergence angle is Ωd = 1.884 mrad.
Figure 19 show the angular distributions of transmitted protons for Λ2 =
0.15, 0.35, 0.65 and 0.85. For Λ2 = 0.15 a channeling star is clearly visible
in the angular distribution, and one can distinguish its 40 arms. One can
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connect this to the fact that each nanotube has 40 atomic strings. This means
that the channeling star effect can be used to learn about the transverse
structure of a nanotube. For Λ2 = 0.35, 12 arms of the channeling star are still
visible, while for Λ2 = 0.65 and 0.85, eight arms remain, with the intensity
being lower in the latter case. The analysis shows that the observed intensity
lowering and disappearance of the arms as Λ2 increases can be attributed to
the process of proton dechanneling, which is very pronounced since Ωd ≫ ψc.
For Λ2 > 1 the channeling star does not exist any more.
Let us now concentrate on the channeling star for Λ2 = 0.65. It has two
arms lying along the Θx axis, two arms lying along the Θy axis, two arms
lying along the line defined by ϕ = tan−1(Θy/Θx) = nπ/3 and 7π/6, and
two arms lying along the line defined by ϕ = 5π/6 and 11π/6. Figure 20
show the components of the proton impact parameter vectors, within the
(rhombic) primitive cell of the superlattice, that correspond to the arms of
this channeling star. They are selected taking that the proton transmission
angle Θ = (Θ2x + Θ
2
y)
1
2 ≥ 1.6 mrad. The analysis shows that these impact
parameter vectors are located between seven classes of pairs of parallel lines,
representing seven classes of pairs of planes defined by the atomic strings of
the nanotubes, which are parallel to the bundle axis. There are two equivalent
pairs of planes designated by 1, one pair designated by 2, and one pair
designated by 3, which are shown in Fig. 20(a), and two equivalent pairs of
planes designated by 4, four equivalent pairs designated by 5, four equivalent
pairs designated by 6, and four equivalent pairs designated by 7, which are
shown in Fig. 20(b). Each pair of planes defines a planar channel, which
corresponds to two opposite arms of the channeling star. The pairs of planes
that are parallel to each other correspond to the same two opposite arms. In
accordance with this, the arms shown in Fig. 19(c) are designated by 4, by
1, 5, 6 and 7, by 2, and by 3.
In order to analyze the sensitivity of the channeling star effect to the mu-
tual orientation of the neighboring nanotubes within the bundle, we rotated
each nanotube about its axis by π/60 counterclockwise relative to its assumed
position 4.2 . The resulting angular distribution of transmitted protons, for
Λ2 = 0.65, is given in Fig. 21. In this case the channeling star also has eight
arms, as the one given in Fig. 19(c), but the arrangement of its arms is differ-
ent. Two of the arms lie along the Θy axis, two arms lie along the line defined
by ϕ = π/6 and 7π/6, two arms lie along the line defined by ϕ = 2π/6 and
= 8π/6, and two arms lie along the line defined by ϕ = 5π/6 and 11π/6. Fig-
ure 22 show the components of the proton impact parameter vectors, within
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Figure 20: The components of the proton impact parameter vectors, within
the primitive cell of the superlattice, that correspond to the arms of the
channeling star for the reduced bundle length Λ2 = 0.65. (a) The solid lines
represent four pairs of planes defined by the atomic strings of the nanotubes,
designated by 1, 2 and 3, that enable the planar channeling of the protons
through the bundle. (b) The solid lines represent 14 additional pairs of planes
defined by the atomic strings of the nanotubes, designated by 4, 5, 6 and 7
that enable the planar channeling of the protons through the bundle.
the (rhombic) primitive cell of the superlattice, that correspond to the arms
of the channeling star. They were selected taking that Θ ≥ 1.0 mrad. As in
the above considered case, the impact parameter vectors are located between
seven classes of pairs of parallel lines, representing seven classes of pairs of
planes defined by the atomic strings of the nanotubes. There are two equiv-
alent pairs of planes designated by 1, one pair designated by 2 and one pair
designated by 3, which are shown in Fig. 22(a), and two equivalent pairs of
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Figure 21: The angular distributions of 1 GeV protons transmitted through
the bundle of (10, 10) single-wall carbon nanotubes of the reduced length Λ2
= 0.65 when the nanotubes are rotated about their axes by π/60 counter-
clockwise relative to their assumed positions. The proton beam divergence
angle is Ωd = 1.884 mrad.
planes designated by 4, two equivalent pairs designated by 5, two equivalent
pairs designated by 6, and two equivalent pairs designated by 7, which are
shown in Fig. 22(b). In accordance with this, the arms shown in Fig. 21 are
designated by 1, by 2, by 4, and by 3, 5, 6 and 7.
It should be noted that in both of the above considered cases the pairs
of planes designated by 1, 2 and 3 do not cross the nanotubes, and that the
pairs of planes designated by 4, 5, 6 and 7 cross the nanotubes. Namely,
the protons channeled between planes 1, 2 and 3 move only in between the
nanotubes while the protons channeled between planes 4, 5, 6 and 7 move
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Figure 22: The components of the proton impact parameter vectors, within
the primitive cell of the superlattice, that correspond to the arms of the chan-
neling star for the reduced bundle length Λ2 = 0.65 when the nanotubes are
rotated about their axes by π/60 counterclockwise relative to their assumed
positions. (a) The solid lines represent four pairs of planes defined by the
atomic strings of the nanotubes, designated by 1, 2 and 3, that enable the
planar channeling of the protons through the bundle. (b) The solid lines
represent eight additional pairs of planes defined by the atomic strings of the
nanotubes, designated by 4, 5, 6 and 7 that enable the planar channeling of
the protons through the bundle.
in between as well as through the nanotubes. Also, it is clear that planar
channels 1, 2 and 3 in the former case practically coincide with planar chan-
nels 1, 2 and 3 in the latter case. However, planar channels 4, 5, 6 and 7 in
the former case considerably differ from the planar channels 4, 5, 6 and 7 in
the latter case. This explains the difference between the arrangements of the
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arms in these two cases. Thus, one can say that the channeling star effect
is sensitive to the mutual orientation of the neighboring nanotubes within a
bundle. This means that it is possible to measure the effect and employ the
obtained results to determine this orientation.
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